In this paper we establish the best constant A opt (M) for the Trace Nash inequality on a n−dimensional compact Riemannian manifold in the presence of symmetries, which is an improvement over the classical case due to the symmetries which arise and reflect the geometry of manifold. This is particularly true when the data of the problem is invariant under the action of an arbitrary compact subgroup G of the isometry group Is(M, g), where all the orbits have infinite cardinal.
Introduction
We say that the Nash inequality (1) is valid if there exists a constant A > 0 such that for all u ∈ C ∞ 0 (R n ), n ≥ 2
Such an inequality first appeared in the celebrated paper of Nash [15] , where he discussed the Hölder regularity of solutions of divergence form in uniformly elliptic equations. It is a particular case of the Gagliardo-Nirenberg type inequalities ||u|| r C||∇u|| a q ||u||
1−a s
and it is well known that the Nash inequality (1) and the Euclidian type Sobolev inequality are equivalent in the sense that if one of them is valid, the other one is also valid (i.e. see [1] ). It is, also, well known that with this procedure of passing from the one type of inequalities to the other, is impossible to compare the best constants, since the inequalities under use are not optimal. As far as the optimal version of Nash inequality (1) is concerned, the best constant A 0 (n), that is
has been computed by Carlen and Loss in [3] , together with the characterization of the extremals for the corresponding optimal inequality, as
where |B n | denotes the euclidian volume of the unit ball B n in R n and λ N 1 is the first Neumann eigenvalue for the Laplacian for radial functions in the unit ball B n . For an example of application of the Nash inequality with the best constant, we refer to Kato [13] and for a geometric proof with an asymptotically sharp constant, we refer to Beckner [2] .
For compact Riemannian manifolds, the Nash inequality still holds with an additional L 1 −term and that is why we will refer this as the L 1 −Nash inequality. Given (M, g) a smooth compact Riemannian n−manifold, n ≥ 2, we get here the existence of real constants A and B such that for any u ∈ C ∞ (M),
The best constant for this inequality is defined as
This inequality has been studied completely by Druet, Hebey and Vaugon. They proved in [6] that A 1 opt (M) = A 0 (n), and (2) with its optimal constant A = A 0 (n) is sometimes valid and sometimes not, depending on the geometry of M. Humbert in [11] studied the following L 2 −Nash inequality
for all u ∈ C ∞ (M), of which the best constant is defined as
Contrary to the sharp L 1 −Nash inequality, in this case, he proved that B always exists and
The trace Nash inequality states that a constantÃ > 0 exists such that for all u ∈ C
where ds is the standard volume element on R n−1 and the trace of u on ∂R n + is also denoted by u. Let A 0 (n) be the best constant in Nash inequality (4). That is
The computation problem of the exact value of A 0 (n) still remains open.
For compact Riemannian manifolds with boundary, Humbert, also, studied in [12] the trace Nash inequality. On smooth compact n−dimensional, n ≥ 2, Riemannian manifolds with boundary, for all u ∈ C ∞ (M), consider the following trace Nash inequality
The best constant for the above inequality is defined as
It was proved in [12] that A opt (M) = A 0 (n), and (5) with its optimal constant A = A 0 (n) is always valid.
In this paper we prove that, when the functions are invariant under an isometry group, all orbits of which are of infinite cardinal, the Nash inequalities can be improved, in the sense that we can get a higher critical exponent. More precisely we establish: (A) The best constant for the Nash inequality on compact Riemannian manifolds with boundary, invariant under the action of an arbitrary compact subgroup G of the isometry group Is(M, g), where all the orbits have infinite cardinal, and (B) The best constant for the Trace Nash inequality on compact Riemannian manifolds with boundary, invariant under the action of an arbitrary compact subgroup G of the isometry group Is(M, g), where all the orbits have infinite cardinal. These best constants are improvements over the classical cases due to the symmetries which arise and reflect the geometry of the manifold. 
Moreover the constants A G is the best constant for this inequality. 
Moreover the constantsÃ G is the best constant for this inequality. 
1,G (T ) the following inequality holds
is the best constant for this inequality and verifies
Examples
Example 1. Let T be the three dimensional solid torus
with the metric induced by the R 3 metric. Let G = O(2) × I be the group of rotations around axis z. All G−orbits of T are circles and the orbit of minimum volume is the circle of radius l − r, and of length 2π(l − r). Then T is a compact 3−dimensional manifold with boundary, invariant under the action of the subgroup G of the isometry group O(3).
In [5] we found the best constant in inequality (5) in the 3−dimensional solid torus, which is G−invariant under the action of a subgroup
Then Ω is a compact n−dimensional manifold with boundary, invariant under the action of the subgroup G k,m of the isometry group O(n).
Notations and preliminary results
Let (M, g) be a compact n−dimensional, n ≥ 3, Riemannian manifold with boundary G−invariant under the action of a subgroup G of the isometry group I(M, g). We assume that (M, g) is a smooth bounded open subset of a slightly larger Riemannian manifold ( M , g) (i.e. see [14] ), invariant under the action of a subgroup G of the isometry group of ( M , g). Consider the spaces of all G−invariant functions under the action of the group G C
. For completeness we cite some background material and results from [4] . Given ( M , g) a Riemannian manifold (complete or not, but connected), we denote by I( M, g) its group of isometries.
Let P ∈ M and O P = {τ (P ), τ ∈ G} be its orbit of dimension k, 0 k < n. According to ([9] § 9, [7] ) the map Φ : G → O P , defined by Φ (τ ) = τ (P ), is of rank k and there exists a submanifold H of G of dimension k with Id ∈ H, such that Φ restricted to H is a diffeomorphism from H onto its image denoted V P .
Let N be a submanifold of M of dimension (n − k), such that T P Φ (H) ⊕ T P N = T P M. Using the exponential map at P , we build a (n − k) − dimensional submanifold W P of N, orthogonal to O P at P and such that for any Q ∈ W P , the minimizing geodesics of (M, g) joining P and Q are all contained in W P .
Let Ψ : H ×W P → M, be the map defined by Ψ (τ, Q) = τ (Q). According to the local inverse theorem, there exists a neighborhood V (Id,P ) ⊂ H × W P of (Id, P ) and a neighborhood
Up to restricting V P , we choose a normal chart (V P , ϕ 1 ) around P for the metric g induced on O P , with ϕ 1 (V P ) = U ⊂ R k . In the same way, we choose a geodesic normal chart (W P , ϕ 2 ) around P for the metricg induced on W P , with
From the above and the Lemmas 1 and 2 in [10] the following lemma holds:
Lemma 3.1 Let (M, g) be a compact Riemannian n−manifold with boundary, G a compact subgroup of I (M, g), P ∈ M with orbit of dimension k, 0 k < n. Then there exists a chart (Ω, ξ) around P such that the following properties are valid:
2. U, W are bounded, and W has smooth boundary.
3.
(Ω, ξ) is a normal chart of M around of P , (V P , ϕ 1 ) is a normal chart around of P of submanifold O P and (W P , ϕ 2 ) is a normal geodesic chart around of P of submanifold W P .
For any ε > 0, (Ω, ξ) can be chosen such that:
1 − ε ≤ det (g ij ) ≤ 1 + ε on Ω, for 1 ≤ i, j ≤ n 1 − ε ≤ det (g ij ) ≤ 1 + ε on V P , for 1 ≤ i, j ≤ k.
For any
We say that we choose a neighborhood of O P when we choose δ > 0 and we consider
Such a neighborhood of O P is called a tubular neighborhood. Let P ∈ M and O P be its orbit of dimension k. Since the manifold M is included in M , we can choose a normal chart (Ω P , ξ P ) around P such that Lemma 3.1 holds for some ε 0 > 0. For any Q = τ (P ) ∈ O P , where τ ∈ G, we build a chart around Q, denoted by (τ (Ω P ), ξ P • τ −1 ) and "isometric" to (Ω P , ξ P ). O P is then covered by such charts. We denote by (Ω P,m ) m=1,...,M a finite extract covering. Then we can choose δ > 0 small enough, depending on P and ε 0 such that the tubular neighborhood O P, δ , (where d(·, O P ) is the distance to the orbit) has the following properties:
Clearly, M is covered by ∪ P ∈M O P, δ . We denote by (O j, δ ) j=1,...,J a finite extract covering of M, where all O j, δ 's are covered by (Ω jm ) m=1,...,M j . Then we will have
So we obtain a finite covering of M consisting of Ω i 's, i = 1, ..., J j=1 M j . We choose such a covering in the following way:
(i) If P lies in the interior of M, then there exist j, 1 ≤ j ≤ J and m, 1 ≤ m ≤ M j such that the tubular neighborhood O j, δ and Ω jm , with P ∈ Ω jm , lie entirely in M's interior, (that is, if P ∈ M\∂M, then O j,δ ⊂ M\∂M and Ω jm ⊂ M\∂M).
(ii) If P lies on the boundary ∂M of M, then a j, 1 ≤ j ≤ J exists, such that the tubular neighborhood O j, δ intersects the boundary ∂M and an m, 1 ≤ m ≤ M j exists, such that Ω jm , with P ∈ Ω jm , cuts a part of the boundary ∂M. Then the Ω jm covers a patch of the boundary of M, and the whole of the boundary is covered by charts around P ∈ ∂M.
We denote N the projection of the image of M, through the charts (Ω jm , ξ jm ), j = 1, ..., J, m = 1, ..., M j , on R n−k . Then (N,ḡ) is a (n − k)− dimensional compact submanifold of R n−k with boundary and N is covered
M j . Let p be the projection of ξ i (P ), P ∈ M on R n−k . Thus one of the following holds:
(i) If p ∈ N\∂N, then W i ⊂ N\∂N and W i is a normal geodesic neighborhood with normal geodesic coordinates (y 1 , ..., y n−k ).
(ii) If p ∈ ∂N, then W i is a Fermi neighborhood with Fermi coordinates (y 1 , ..., y n−k−1 , t). In these neighborhoods we have
where ε 0 can be as small as we want, depending on the chosen covering.
For convenience in the following we set
We still need the following lemma: (
(1
, υ 0 the following property is valid:
and c is a positive constant.
Moreover, we need the following propositions:
where (η j ) is a partition of unity associating to (O j ).
Proof. By Lemma 3.2 (b) with υ = η j u and p = 2 we obtain
Let ε 0 > 0. Then there exist δ > 0 such that for any Q = ξ(P ) ∈ ∂N, P ∈ ∂M and for all φ ∈ C ∞ 0 (B Q (δ)), (B Q (δ) is the (n − k)−dimensional ball of radius δ centered on Q), according to Theorem 2 of [12] the following inequality holds
is the best constant of the trace Nash inequality
By (7) and (8) we have
From (9) and Lemma 3.2 arises
Given ε > 0 we can choose ε 0 > 0 small enough such that
and then by (10) we obtain (6).
Proposition 3.2 For any ε > 0 and for all
., J and so {α j } is a partition of unity for M subordinated in the covering (O j ) j=1,2,...,J and functions √ α j are smooth, G−invariants and there exist a constant H such that for any
By (13) and Proposition 3.1 arises
By Hölder's inequality we have
and by (14) we obtain
Moreover the following Hölder's inequality 
By (15) and (17) arises
Further more since
and since (12) holds, after some computations we obtain 
Because of (24), inequality (27) 
